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Abstract Axially symmetric Bianchi type-IX space-time in the presence of mass less scalar
field with a flat potential V is investigated. To get an inflationary universe, we have consid-
ered a flat region in which potential V is constant. Some physical and kinematical properties
of the model are discussed.
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1 Introduction

Bianchi type cosmological models are important in the sense that these are homogeneous
and anisotropic from which the process of isotropization of the universe is studied through
the passage of time. Moreover, from the theoretical point of view anisotropic universe have
a greater generality than isotropic models. Many relativists have taken interest in studying
Bianchi type-IX universe because familiar solutions like Robertson Walker universe with
positive curvature, the de-sitter universe, the Taub-NUT solutions etc are of Bianchi type
IX space time. Actually the study of anisotropic models was started after the discovery of
microwave background radiation in 1965. Chakraborty [5] have investigated a class of cos-
mological solutions of massive strings in Bianchi type-IX space-time using a supplementary
condition a = αbn between metric potentials a and b, where α and n are constants. Bali and
Dave [1], Bali and Yadav [3] have investigated Bianchi type IX string as well as viscous fluid
models in general relativity. Rahaman et al. [9] have investigated Bianchi type-IX string cos-
mological model in Lyra geometry. Also Reddy et al. [11] have investigated Bianchi type-IX
string cosmological model in a scalar tensor theory of gravitation.

In recent years there has been a lot of interest in cosmological models of the universe
which are important in understanding the mysteries of the early stages of it’s evolution.
In particular, inflationary models of the universe play a vital role in solving a number of
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outstanding problems in cosmology like the homogeneity, the isotropy and flatness of the
observed universe. That is, it has undergone at an early stage a period of exponential ex-
pansion known as inflation. Guth [6], Linde [8] and La and Steinhardt [7] are some of the
authors who have investigated several aspects of inflationary universes in general relativity.

Scalar fields are the simplest classical fields and there exists an extensive literature con-
taining numerous solutions of the Einstein equations where the scalar field is minimally
coupled to the gravitational field. In particular, self-interacting scalar fields play a central
role in the study of inflationary cosmology. Bhattacharjee and Baruah [4], Bali and Jain [2],
Reddy and Naidu [11] have studied the role of self-interacting scalar fields in inflationary
cosmology. Very recently Reddy et al. [12] have discussed a plane symmetric Bianchi type-I
inflationary universe in general relativity.

In this paper, we have investigated axially symmetric Bianchi type-IX inflationary cos-
mological model in the presence of mass less scalar field with a flat potential in general
relativity. To get a determinate solution, we have considered a flat region in which potential
is constant. We have also assumed the relation between metric coefficients for this purpose.

2 Field Equations and Its Solutions

We consider the axially symmetric Bianchi type-IX metric in the form

ds2 = −dt2 + a2dx2 + b2dy2 + (b2 sin2 y + a2 cos2 y)dz2 − 2a2 cosydxdz, (1)

where a and b are functions of ‘t ’ alone.
In the case of gravity minimally coupled to a scalar field V (φ), the Lagrangian is

L =
∫ [

R − 1

2
gijφ,iφ,j − V (φ)

]√−gdx4 (2)

which on variation of L with respect to dynamical fields leads to Einstein’s field equations

Gij ≡ Rij − 1

2
gijR = −Tij (3)

with

Tij = φ,iφ,j −
[

1

2
φ,kφ

,k + V (φ)

]
gij (4)

φi
;i = −dV

dφ
, (5)

where comma and semicolon indicates ordinary and covariant differentiation respectively.
Other symbols have their usual meaning and units are taken so that

8πG = C = 1.

Now the Einstein’s field equations (3) for the metric (1) are given by

2
b44

b
+ (b4)

2

b2
+ 1

b2
− 3

4

a2

b4
= 1

2

(
φ2

4 + V (φ)
)

(6)
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φ2
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and (5) for the scalar field takes the form

(
a4

a
+ 2

b4

b

)
φ4 + φ44 = dV

dφ
. (9)

Here the subscript 4 denotes differentiation with respect to t .
Stein-Schabes [10] have shown that Higgs field φ with potential V (φ) has a flat region

and the field evolves slowly but the universe expands in an exponential way due to vacuum
field energy. It is assumed that the scalar field will take sufficient time to cross the flat
region of the potential so that the universe expands sufficiently to become homogeneous
and isotropic on the scale of the order of the horizon size. The flat part of the potential is
naturally associated with the vacuum energy that dominates the dynamics for a period of
time and identify this vacuum energy with an effective cosmological constant. Therefore,
we have assumed the flat region where the potential is constant,

i.e. V (φ) = const.

From the field equations (6) and (7), we obtain

b44

b
− a44

a
+ (b4)

2

b2
− a4b4

ab
− a2

b4
+ 1

b2
= 0. (10)

For complete determinacy of the system, one extra condition is needed, therefore, we
assume a relation between metric coefficients given by

a = bn, n �= 1 (11)

where n is an arbitrary constant.
With the help of (11), (10) reduces to

b44

b
+ (n + 1)

b2
4

b2
= 1

(n − 1)b2
− 1

n − 1
b2n−4. (12)

Solving (13), we obtain

(b4)
2 = 1

n2 − 1
− 1

2n2 − 2n
b2n−2 + Db−2n−2, (13)

where D is constant of integration.
Equation (13) is the first order differential equation, this equation can be written in an

integral form as

∫ [
1

n2 − 1
− 1

2n2 − 2n
b2n−2 + Db−2n−2

]− 1
2

db = ±(t − t0), (14)

where t0 is constant of integration.



1756 Int J Theor Phys (2010) 49: 1753–1758

Equation (14) can be solved for arbitrary values of n and D.
Now, for different choices of arbitrary values of n and D, we will examine the following

cases.

Case I:
Let us consider D = 0 and n = 1

2 in (14), we obtain

−
√

b

(
3

2
− b

)
+ 3

4
sin−1

(
4b − 3

3

)
= ± 4√

6
(t − t0). (15)

From (15), we can not get explicit form of b in terms of t and consequently all physical
parameters cannot be determined in terms of t .

Case II:
Consider D = 0 and n = 3

2 in (14), we obtain

a =
[

6

5
− 1

6
(t − t0)

2

] 3
2

, (16)

b = 6

5
− 1

6
(t − t0)

2. (17)

The model corresponding to solutions (16) and (17) is a contracting model which is not of
much physical interest.

Case III:
Consider D = 0 and n = 2 in (14), we obtain

∫ [
1

3
− 1

4
b2

]− 1
2

db = ±(t − t0). (18)

Solving (18), we get

a = 4

3
sin2

(
t − t0

2

)
, (19)

b = 2√
3

sin

(
t − t0

2

)
, (20)

φ = −9k

16

[
cot3

(
t − t0

2

)
+ cos ec

(
t − t0

2

)]
.

Using (19) and (20), the line element (1) becomes

ds2 = −dt2 + 16

9
sin4

(
t − t0

2

)
dx2 + 4

9
sin2

(
t − t0

2

)
dy2

+
[

4

9
sin2

(
t − t0

2

)
sin2 y + 16

9
sin4

(
t − t0

2

)
cos2 y

]
dz2

− 32

9
sin4

(
t − t0

2

)
cosydxdz. (21)
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From cases I, II and III, it should be noted that (14) can not be solved for any arbitrary values
of n and D. We have worked out its solution for D = 0, n = 2 only. For D = 0, n = 2, we
have obtained Bianchi type-IX cosmological model in presence of mass less scalar field.

3 Some Physical Properties of the Model

The model (21) represents an axially symmetric Bianchi type IX inflationary universe in
general relativity when the scalar field is minimally coupled to the gravitational field in
which the flat region of potential is constant which is generally associated with vacuum
energy.

The model has no initial singularity at t = 0.
The physical and kinematical properties of the model (21) are as follows:
The spatial volume

= √−g = −256

729
sin8

(
t − t0

2

)
sin2 y.

Expansion scalar (θ)

θ = 2 cot

(
t − t0

2

)
.

Shear scalar (σ 2)

σ 2 = 2 cot2

(
t − t0

2

)
.

For this model (21), we have observed that the spatial volume tends to zero.
The scalar expansion and shear scalar tends to infinity as t → t0.
Also the deceleration parameter q is given by

q = − 3

θ2

[
θ;αUα + 1

3θ2

]
= 3

4

1

cos2(
t−t0

2 )
− 1.

We get negative value of deceleration parameter q as t → t0.
The negative value of the deceleration parameter q shows that model inflates.
We have

lim
T →∞

(
σ

θ

)
= lim

T →∞
cot( t−t0

2 )√
2 cot( t−t0

2 )
= 1√

2
�= 0.

Therefore, the model does not approach isotropy for large values of t = t0.

4 Conclusion

In this paper, we have obtained inflationary universe in the presence of mass less scalar field
with a flat potential in general relativity. It is observed that the model is non-singular and
does not approach isotropy for large values of t . The study of inflationary universe model
has astrophysical significance in view of a recent interest in the classical scalar fields in
general relativity and in alternative theories of gravitation.



1758 Int J Theor Phys (2010) 49: 1753–1758

References

1. Bali, R., Dave, S.: Pramana J. Phys. 56(4), 513–518 (2001)
2. Bali, R., Jain, V.C.: Pramana J. Phys. 59, 1 (2002)
3. Bali, R., Yadav, M.K.: Pramana J. Phys. 64(2), 187–196 (2005)
4. Bhattacharjee, R., Baruah, K.K.: Ind. J. Pure Appl. Math. 32, 47 (2001)
5. Chakraborty, S.: Astrophys. Sci. 180, 293 (1991)
6. Guth, A.H.: Phys. Rev. D 23, 347 (1981)
7. La, D., Steinhardt, P.J.: Phys. Rev. Lett. 62, 376 (1989)
8. Linde, A.D.: Phys. Lett. B 108, 389 (1982)
9. Rahaman, F., Beg, G., Bhui, V.C., Das, S.: Physica B 12, 193 (2003)

10. Stein-Schabes, J.A.: Phys. Rev. D 35, 2345 (1987)
11. Reddy, D.R.K., Naidu, R.L.: Int. J. Theor. Phys. 47, 2339 (2008)
12. Reddy, D.R.K., Rao, A.S., Naidu, R.L.: Astrophys. Space. Sci. (2009). doi:10.1007/s10509-008-9955-8

http://dx.doi.org/10.1007/s10509-008-9955-8

	Axially Symmetric Bianchi Type-IX Inflationary Universe in General Relativity
	Abstract
	Introduction
	Field Equations and Its Solutions
	Some Physical Properties of the Model
	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


